Digital Signal Processing (DSP)

What is Digital Signal Processing?

To understand what is Digital Signal Processing (DSP) let's examine what does each of its
words mean.

Signal is any physical quantity that carries information. Processing is a series of steps or
operations to achieve a particular end. It is easy to see that Signal Processing is used
everywhere to extract information from signals or to convert information-carrying signals
from one form to another. For example, our brain and ears take input speech signals, and
then process and convert them into meaningful words. Finally, the word Digital in Digital
Signal Processing means that the process is done by computers, microprocessor, or logic
circuits.

The field DSP has expanded significantly over that last few decades as a result of rapid
developments in computer technology and integrated-circuit fabrication. Consequently,
DSP has played an increasingly important role in a wide range of disciplines in science and
technology. Research and development in DSP are driving advancements in many high-
tech areas including telecommunications, multimedia, medical and scientific imaging, and
human-computer interaction.

Concepts in Digital Signal Processing

The two main characters in DSP are signals and systems. A signal is defined as any physical
guantity that varies with one or more independent variables such as time (one-
dimensional signal), or space (2-D or 3-D signal). Signals exist in several types. In the real-
world, most of signals are continuous-time (analog signals) those have values continuously
at every value of time. To be processed by a computer, a continuous-time signal has to be
first sampled in time into a discrete-time signal so that its values at a discrete set of time
instants can be stored in computer memory locations. Furthermore, in order to be
processed by logic circuits, these signal values have to be quantized in to a set of discrete
values, and the final coded result is called a digital signal. The terms discrete-time signal
and digital signal can be used interchangeability to define two different formats (Fig. 1).

In signal processing, a system is defined as a process coder whose input and output are
signals (Fig. 2).

Signals Represent Information

Whether analog or digital, information is represented by the fundamental quantity in
electrical engineering: the signal. Stated in mathematical terms, a signal is merely a
function. Analog signals are continuous-valued; digital signals are discrete-valued. The
independent variable of the signal could be time (speech), space (images), or the integers
(denoting the sequencing of letters and numbers in the football score).
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Sampling

Why sample? Sampling is the necessary fundament for all digital signal processing and
communication. Sampling can be defined as the process of measuring an analog signal at
distinct points. Digital representation of analog signals offers advantages in terms of

1-Robustness towards noise, meaning we can send more bits/s.
2-Use of flexible processing equipment, in particular the computer.
3-More reliable processing equipment.

4-Easier to adapt complex algorithms.

Claude Shannon has been called the father of information theory, mainly due to his
landmark papers on the "Mathematical theory of communication". Harry Nyquist was the
first to state the sampling theorem in 1928, but it was not proven until Shannon proved it
21 years later in the paper "Communications in the presence of noise".

The following notations will be used: Original analog signal X(t), Sampling frequency f; ,
Sampling interval T; (Note that: f,= 1/T;), Sampled signal Xs(n). (Note that Xs(n) = X(nTj),
Analogue angular frequency Q , and Digital angular frequency w (Note that: w = Q Ty).

The Sampling Theorem

[[When sampling an analog signal the sampling frequency must be greater than twice the
highest frequency component of the analog signal to be able to reconstruct the original
signal from the sampled version]].

The process of sampling

We start with an analog signal. This can for example be the sound coming from your
stereo at home or your friend talking. The signal is then sampled uniformly. Uniform
sampling implies that we sample every T; seconds. In Fig. 3, we see an analog signal. The
analog signal has been sampled at times t = nT.
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Fig. 3

In signal processing it is often more convenient and easier to work in the frequency
domain. So let's look at the signal in frequency domain, Fig. 4 . For illustration purposes we
take the frequency content of the signal as a triangle. (If you Fourier transform the signal
in Fig. 3 you will not get such a nice triangle.)
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From Fig. 5, and according to the sample theorem, an aliasing-free condition appears. So,
we are able to reconstruct the original signal exactly. How can we do this? will be explored
further down under reconstruction. But first we will take a look at what happens when we
sample too slowly.

Sampling too slowly

We will get overlap between the repeated spectra, see Fig. 6. The resulting spectra is the
sum of these. This overlap gives rise to the concept of aliasing.
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To avoid aliasing we have to sample fast enough. But if we can't sample fast enough
(possibly due to costs) we can include an Anti-Aliasing filter. This will not able us to get an

Fig. 6
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exact reconstruction but can still be a good solution.

Note: Typically a low-pass filter that is applied before sampling to ensure that no

components with frequencies greater than half the sample frequency remain.

Reconstruction

We want to recover the original signal, but the question is how?

The Answer: By using a simple reconstruction process. To achieve this we have to remove
all the extra components generated in the sampling process. To remove the extra
components we apply an ideal analog low-pass filter as shown in Fig. 7. As we see the ideal
filter is rectangular in the frequency domain. A rectangle in the frequency domain

corresponds to a sinc function in time domain (and vice versa).
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Discrete-Time Signals

» A Discrete-time signal x(») is a function of an independent
integer variable n. The signal x(n) is not defined for non-
integer values of n.

We can represent a discrete-time signal in different ways;

1: hical ntation | | Such as
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Discrete-Time Signals

2. Functional representation Such as

I. forn=13 ow
x(n)={ 4, forn=2 x{n)= (0.5)
0, elsewhere

3. Tabular re ntation Such as

n w21 0
x(n)|...0 0 0

-

2 3
4 1

4 5 ..
00 ..

4. Sequential (Vector) representation Such as
,(,.,..[...0,0,0,1,1,1,1,0,0,...1 :

The time origin (n=0) is indicated by the symbol T.

Some Elementary Discrete-Time Signals

1. The unit sample uence: Ll
, ;I;‘e'.”x“‘::"‘:
>> ylahiel (“\eltalnl*)
»> aeix 11-€6 € 0 1.5
I, forn=0,
|6(m)= ; .
0, forn=0

> - - - . - - 9 = & = 2

The unit sample sequence is often referred to as a discrete-time
impulse or an impulse. 55 eEiT

2> xtee[nd=0] ¢

¥> STAN b, xnl
»> x) 1<"2'
2. The unit step signal : > yiaval¢ an) )
axiy (-6 € 0 31.3])

Y 1, fornz=0,
b 0, forn<0

note: u(n) =Yy-,6(n—k), also | d(n)=un) —un-1)
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Some Elementary Discrete-Time Signals

3 The uni e

2> ne-0ilr

¥r KAt o))
>> 1te0 10,.XD)

r

) n, fornz0,
' 0, forn<0

T ol Siaal -

x(n)=a" fornz0

x(n)=a" u(n)

If a is real, then x(n) is areal
signal.

>> xlabel('a’)
> ylabel('u rind ™)

1l

‘e .
oklg =
ool O<a<1 2
oe) v
02| l -

% e

L - - - .
os) ] * -1<a<0 x

.'. 1 lT V\V,JV,,:..(. 4 o)
(’l:l T

) <

a>1

= il

x = v
a<-1 ° I
(;A.,V:"”Y;Q‘J '
>1
. . W »

Some Elementary Discrete-Time Signals

If a is complex, x(1) can be expressed as

x(n)=a"=(m/")'=r¢* J
= r"(costn + jsantn

The real part is

X (1) = " cosOn| x, () = " sin0n|

' o099 e X n=099

ool e xo09 /) Soonipi o101 = X0.9."n) Nin{pe *0'10);
>0 sieoeinx) esp iV e arni{n.x)
- :' O e =Y v w8 ¥ w- WD
e I.l, o ‘& o
—l

. ‘1 JKTOQW "‘ ] !!kl Senans
«: lB‘ o : .,
ea S - - = S 5 a ) TS » . o - w N -~

The imaginary part
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Simple Manipulation of x(»)

Example:
x(”) :lololoo'39'23-1 '0|1 D2D3l4l4l4)4b4l4l4l0'0’°]
T

[ =x@m| |Find y(m.
1310) = x(0), ¥(=1) = x(=2), ¥(1) = x(2), ¥(~2) = x(-4), ¥(2) = x(4)|

¢ . v

z
J
gl |
WA 4 4 2 0 2 4 & &
4 v
3
=
L — ) B ) 4 6 a0
| Classification of Discrete-Time Signal
| Symmetric (even) and anti-symmetric (odd) signals
A real-valued signal x(») is A signal x(n)is called
called symmetnc (even) if anti-symmetric (odd) if
:7. » y‘ el Qodd *e (g :: ——) Ny - '] {
sod [ il : 1 1 111]
IR ML
g - I r 1 + t
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Discrete-Time Signals and Systems

Addition, Multiplication, and Scaling of Sequences

Amplitude Scaling: (A Constant Multioliel

y(n) = Ax(n), —w<n<x

A
xin) > » Vin)=Axin)

x(n) P(? » v =Axn)
A

Addition of two signals (An Adder)

[¥(n) = x,(m) +x: (), —0<n<cel

xp{n)
wnj=x,(n)+ xyfn)

Xy(n)

10
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Addition, Multiplication, and Scaling of Sequences
Th f two signals (A signal Multiplier,
() =X (n)x,(n). —e<n<ox

x,n)

M) =x(n) x,(n)

men

A unit delay elemen A unit

. > e win)=xin+l}
x(n) T W) =x{n-1) x(n) -

-'-‘Q'-J—-h z! _.‘ﬂ{;-‘(n-l) x(n) = W) =x(n+ 1}

Input-Output Description of Systems

The relation between the input and output signals are known input-
output relationship

x(n) : yin)
— Discrete-

input signal or LUME SYSIeM | o100t signal
excitation or response

Mathematical representation of the transformation is

[vm)=T[x()]

T denotes the transformation. In general input-output
relationship can be also shown as

x(n)-> y(n)

11
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Input-Output Description of Systems

Example: The input signal is

x(n)={H -35n53]

0  otherwise

E y(n) = x(n) E o) = x(1—1
E [¥(n) = x(n +1)| E .\(")='_:7[8(n+l)+x(n)+x{n-l)]]
_e— IJ'(n) = max [ x(n + 1), x(n), x(n — l)]] £| m= i (k) =x01)+x(n =1) + x(n —2) +...

Solution

x(n) = l...0.3.2.1.9.1.2.3,0....‘]
a] Y#)=[..0.3.2.1.0.1.2.3.0...]
b] PO =x@=1)] |s(m)=[...03.2.10.12,30,..]

Input-Output Description of Systems
Solution (cont)
[c] [pon=smen) P =1..03210].230..]

[¢] y(»)=§[x<n+n+x(n>+x(n-n]|

10)=3[x0) +x00) £ x(-D] =31 +0+1] =3

V)=S0 ea-D 2= e2]=)

S Anss
yn) = l..qo.l.s.z.l.?l.z.z.n.o....l
m [yn) = max[x(n +1).x(m), x(n - D)]

[310) = max[x(1), x(0), (= )] = max[1,0,1] <]
b(-l) = max[:(O),.:(-l),.:(-Z)] = tmx[O,l.!] = Zl
[(1) = max[x(2),x(1). x(0)] = max[2.1.0] = 2|

¥ =1033.321,2333,0,..]

12
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Input-Output Description of Systems

Solution (cont)

z] W) = 2»’0(*)“{")+x(n-l)+x{n-2)+...
bo i

This system is called an accumulator

b(0)= 3 ) =0y 31 (-2 +2(-3
=0414243=6

W)= 3 a1k) =x(1)+-5(0) + s-1)+-5(-2) + 36=3)
o =1+0+1+2+3=7

wn)=| ...0.3.5.6.@7.9.]2.!2...‘ ]

Classification of Discrete-Time Systems

Linear System: A system is linear if and only if

T[ax(n) +a,x,(n)] =a,T[x ()] + ay 7[x,(n)]
=a,y,(n)+a,y,(n)

for any arbitrary x(n and x,(») , and any arbitrary constant ¢ and a, .
It satisfies the superposition principle.

Xy(n) a, "I(L 4

| y(n) AQ y(n)
2 é—» .1 %)-»
xa) 5, Xs(n) T ay

If the input is x; (n), the output will be y; (n)
if the input is x, (n), the output will be y, (n)

if the input is [x; (n) + x, (n)], the output will be y(n)

if y(n) =[y; (n) +y, (n)] ,then the system is linear.

13
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Example 1: y(n) = ™

solution:  for y;(n) = e ¥

for y,(n) = e~

for[x; (n) + x, (n)], y(n) = e~ ¥ M+xz ()]
[y, () + v, (n)] = e X1 4 g=x2(m)

+ e~ X1 (W+x2 (M1 [t jsnon — linear system

Classification of Discrete-Time Systems

Time-invariant Systems:

A system is called time-invariant if its input-output characteristics
do not change with time.

a- shift the input x{(n-ng )

b- shift the output y(n-ng )

if y(n-ng) = y(n) then the system is time-invariant.

Example 2 : y(n)=n x(n -1)
solution: Shift the input, Yy(n)=n X(n- ng-1)
shift the output, y(n- ng)=(n-ng) X(n- ng-1)

since Y(n- ng) # y(n), then the system is time-variant.

Note: If the system ( time-invariant & linear ), it is
called Linear Time Invariant Systems (LTI)

LTI system can easily be characterized by its output
response f1(n) to the input &(n). The input-cutput relationship
can then be given by CONVOLUTION

(0]

y(m =x(m kM= ) x(Oh( -1

k=—c0

14
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Classification of Discrete-Time Systems

Causal Sequence:

A Sequence x(n) is called causal if x(n)=0, for n<0

Causal Systems:

|Difference Equation (D.E.) Representation |

A system is called causal if the output of the system at any time n

depends only on present and past inputs, but not depends on future
inputs.

y(n) = Flx(n).x(n=1).x(n-2)....]

An LTI System with impulse response 2 (n) is called causal if /(n)=0 , for n<0

If the system does not satisfy any of those definitions, it is called noncausal.

Example 3: y(n)= X(n+1)
At n=0, y(0) =Xx(1), then the system is non-causal (anti-causal).
Example 4: h(n) = 0.5™u(n)

Since h(n) =0, for n < 0, then it is a causal system

15
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Classification of Discrete-Time Systems

bounded Sequence:

A Sequence x(n) is called bounded if | x(n)| < Mx< 00

Stable Systems:

|Difference Equation (D.E.) Representation |

An arbitrary relaxed system is said to be bounded input-bounded
output (BIBO) stable if and only if every bounded input produces a
bounded output.

x(n)| s M, <o [y(m|sM, <=

for alln. A _and M_ are some finite numbers

An LTI System with £ (n) is (BIBO) stableif = Ib(n)l =M <00

If the system does not satisfy any of those definitions, it is called unstable.

Example 5: y(n)= n X(n-1)
As n — 00, y(n) — oo, then the system is unstable.
Example 6: r(n) = (1/,) u()

Since Y r-olh(n)| < oo, itis a stable system

16
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Interconnection of Discrete-Time Systems

Discrete-time systems can be interconnected to form larger systems.
They can be interconnected in serial or parallel.

Inserial interconnection

Te
ORI gy 10 gy B B0

b =1, [x@]] [y =1, [3(m)]
=T,[ T [x(m)]]

If we combine T, and T, to , then | [Y(m)=T.[x(n)]

If the systems T,andT, are linear and time invariant T: 2= T2 T3

otherwise T; T,# T, T;

Interconnection of Discrete-Time Systems

In parallel interconnection
TI [ : ] yy(n)
x(n) { é Q)
ya(n)
T2[.]
yi(n) = y,(n)+ y,(n)
= 7, [x(n)] + 7, [x()]

=(T, + T;)[x(n)]
=7, [xm)]

where |(|T,=T, +T;

17
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Convolution

The response of the system to x(n) Is

] x

)T = T[zx(.{']ﬁ(n—k]] - S s OT[S-b)

ks -

The response of the LTI system to the unit sample sequence is
denoted as /i(n), and it is called the impulse response of a
linear time invariant system

hi(n) =T[§(n]]

So the output sequence y(n) is found as

yi(n) = i x(k)hn-k)
kit

This is called convolution

The response y(n) at n=n, is | [*V0)= ,,Z x(k)li(n, = k)

The process of computing the convolution between x(n) and h(k)
involves the following steps.

1. Folding. Fold h(k) about k=0 to obtain i(-k)

2. Shifting. Shift h(-k) by n, to the right (left) if , is positive
(negative), to obtain h(n k).

3. Multiplication. Multiply x(k) by (n k) to obtain the product
sequence

4. Summation. Sum all the values of the product sequence to
obtain the value of the output at time n=n,

5. Step 2 through 4 must be repeated, for all possible time shifts .

—0<n<w

18
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Methods of Convolution

1- Graphical method.
2- Table-look up method.
3- Vector-by-matrix method.
4- Add-overlap method.

5- Analytical method.

1- Graphical Method

19
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The impulse response
of a linear time
invariant system is

im)=[1.2,1.-1]

» The input xm = [1,231]

signal is

Solution:

x

The output y(n) at n=-1is | D= Y x(k)h(-1-k)

ke—x

and the product sequence | |v_ (k) = x(k)(-1-k)

3 2
x(k) hik)

5 0 5 's 0 ‘
2 ¥ 1
i 08 v1(k)
! T T 06 i
0 el Y=Y v, (k) =1
02 k-eo
1-5 o 5 0-6 < 0 > <

20
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The output at n=0 is

V(0)= Y x(K)I(-F)

j 3

and the product sequence

)

v (k) = x(R)(F)

[

i hk)
] <o Q
0 oo ] I R

0

5

vo(k)

y(0) = ivo(k)=2+2=4
k=

Similarly, The output at n=1 is

and the product sequence

x(k)

=
i

y() = 3 x(kyh(1-k)

.t!—m

v, (k) = x(k)h(1- k)

k)

&

&

or—=

J
¢

21
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k=—x
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)

Solution (cont) | |Let's find y(n) at n=2, and n=3

()= iv,(k)=-l+2+6+l=8I
fe=x

W) )
! Y
9 |
L] Lol
0 0
N -I oy [
\ ) )
g il ,,,,il [
5 * K P 0 5
':l-‘ﬁ) a "\\)
0 A"{ 0 lh{
% 0 5 % 0 [

Let'sfind y(n) at n=4, and n=5

E iv,(k)=-2+3+2=3-
k==t

11 IM Q ’. ai ll\) P

b allel 4 3§ [ .

J | |

0.5 >4 I“Z 0‘ e Trz

2] Wed) ~TL :’(‘ﬂ, =
0‘ """ ] || S ‘ }’(4)=ZV4(k)=-3+1=-2
: | | ot
4 0 5 4 0 5

] S Y ’ O‘M\q) iy 9

: 29000 ¢ T ”

| |

Y 0 5 0 ,

0= Toliee) o

The entire system response to x(n) is

¥n)= [...0_.0.1,1T1.8.8.3.-2,-l.0,0....]

22
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Properties of Convolution

We show the convolution operation with asterisk

a0

y(m) =x(n)*h(n) = > x()h(n—Fk)

f=—00

Commutative Law

x(n)*h(n)=h(n)*x(n)

which means

oo

Z_ x(kFYh(n—Fk) =

k=—oo

x(m) v(n)

Associative Law

hn) p—

—

i_ h(k)x(n—Fk)

k=—oc

hin) o

[x(n) * B (n) | * by (n) = x(n) * [ 1, (n) * by (n)]

and

|v(n) = x(n)* h(n)]

h(n) = hl (n)* h:(”)
”_w"' Iyn)  f—™ h5(n)
Distributed Law

- )
x() yinj
>
» )

yin)
_..<_,

¥

xfn)

y(n)

v

N D) hon)

x(n) *[hl (n) + h, (n)] = x(n)* h(n) + x(n)* h,(n)

y

W

:} ."L'I"Hi

hin)= h,(m)+ h,(n)

h(n) = h,(n) + h,(n)

and

y(n) = x(n)* h(n)

23
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2- Table-look up Method h(n)

xn)=[123 1], h(n)=1[1 2 1 —-1]

find y(n)?
x(n)
h(n) 1 23| 1
11 |2 |3 |1
—»| 2 2 [ & [ & | 2
T 1 |z | 3| 1
T 1] 2] 3|4

ym=[1 4 8 8 3 -2 —1]
f

3- Vector-by-matrix Method

x(M)=[1231], hm=[1 2 1 —-1]

T

find y(n)?
1 0 0 O 1
21001 4
3210[2‘8
132 1[1]=]|8
0 1 3 2|[ ] |3
0O 0 1 3 -2
0 0 0 1 -1

24
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4- Add-overlap Method

x(n)=[121], hn)=[1-1 2 1 2-11 3 1]

L | ]

=
[ = e | 5
)

Fod | e | = | =i

yym)=[1 1 1 3 2]

1 2 1
1 2 1
2 . 4 2
a1 | 2 | 1
y,()=[1 4 4 0 —1]
1 2 1
1 1 2 1
3 3 & 3
1 1 2 1

ysm=[1 5 8 51]

ym=[1 11 3 2]
Shiftedy,(=[0 0 0 1 4 4 0 —1]
Shiftedys()=[0 0 0 0 0 0 1 5 8 5 1]
y(n) = y,(n) + Shifted y,(n) + Shifted y;(n)

So, ym)=[1 1 1 4 6 4 1 4 8 5 1]

25
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5- Analvytical Method

y(n) = Yyt—o x(k) h(n — k)

postion of N; < x(n) <N,

postion of M; < h(n) <M,

y() = Ty, x(k) h(n — k)

How to calculate k,, and k; ?

for x(n), N;<k<N,

for h(n), M <n—-k<M,

or Mi—n<—-k<M,-n

i.e, n—M,<k<n-—M,;
k; = max {N,,n — M,}

and k, = min{n,,n — M}

Example: Find y(n) if x(n) =u(n)—u(n—10) and h(n) =

n
ORIQ

Solution:-

N;=0 , N,=9

M;=0 M,=00

k;, = max{n,n — M,} = max{o,n —«} =0

| . _ forn <9
ku = ml’n{NZ,n — Ml} = mln{9,n — 0} = mln{gl n} = {:fZ:: > 9

26
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for0<n<9

y(n) =
Thox 00 A= = Zieo (' = (@) S0 ) = ) 5 [ -

0 [ - ¢ [

The last step above is obtained by using the geometrical progression formula given in appendix B (
page 317 in ( fundamentals of digital signal processing book) by

—(b n+1
Yoo 0= [F22]  forb=1

forn>9
90 = Tox -0 =3k () = [r @7+ @) 5 ()]

H.W

Find y(n) of the following system:

T

hy,(n)=2(n+ l)[u{n +2)—u(n- 2]]

x(n) = [...0,2,3,2,1,0,...] ‘ hy(n)=2n +D[u(n+1)—u(n - 3)]

xin} | —p-.}-l{ul =
1y (1) N

¥ain)

ha(n}
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De-convolution

1-lterative method

Example: h(n) =[4 2 3 —4], y(n)=[ 4 14 17 9 —6 —8 ]
find x(n)?
y(n) = Xik—ox(k) h(n — k)
¥(0) = Y=o x(k) h(=k) = x(0) - h(0)

_y© _ 4 _
x(O)—h(O)—4_1

y(1) = =0 x(k) R(1 — k) =x(0) - h(1) +x(1) - h(0)

(1)—x(0)-h(1) 14—(1x2)
x(1) =2 h"(o) =———=3

y(2) = Xi—ox(k) h(2 — k) = x(0) - h(2) +x(1) - h(1) + x(2) - h(0)

(2)— x(0)-h(2)-x(1)-h(1) 17—(1x3)—(3x2)
x(2) = == n(0) - - p =2

Y(3) = Xz ¥(k) h(3 — k) = x(0) - h(3) +x(1) - h(2) + x(2) - R(1) + x(3) - h(0)

y(3) = x(0) - h(3) -x(1) - h(2) -x(2) - (D) _

x(3) = 0

For y(n) = x(n) * h(n) ,if lengthof x(n) = N, andlengthof h(n) = M
then lengthof y(n) = (N + M) -1

For the above example, N=3,and M =4,then(N+ M) —-1=6,

2-The Polynomial Method

Example: h(n) =[4 2 3 —4] = B(p) =4+ 2p+ 3p? —4p3

ym)=[4 14 17 9 -6 —8] = C(p) =4+ 14p + 17p? + 9p3 — 6p* — 8p°
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Since y(n) = x(n) * h(n), then C(p) = A(p) - B(p) or A(p) = -2

4+ 2p + 3p? — 4p3

B(p)

3-The Graphical Method

4 + 14p + 17p* + 9p° — 6p* — 8p°

For the same example:h(n) =[4 2 3 —4]andy(n)=[ 4 14 17 9 —6 —8]

STEP ONE
x(2)

h(n) x(1) ¥y(n)
4 |X| x| =| 4 4 x(0)=4
2 14 x{0)=1

3 17

-4 9

6

-8
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STEP TWO
h(n) x(2) ¥y(n)
. 4 [X| x{1) 4 4 x(1)+2 x{0) =14
2¥ | x@ |7 W ay=3
3 17
-4 9
-5
-8
STEP THREE
() ¥(m)
. 4 | X| x{(2) 4 4 x(2) +2 x(1)+ 3 x(0)=17
2 [X| x(1) 14 —
. X x(2)=2
3 (X| x(0) 17
-4 9
-6
-8

If we calculate x(3) and so on, they will be zero. Why?
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Linear Constant-Coefficient Difference Equations (LCCDES)

Remembering linear differential equations

d
POy = x

A difference equation is the discrete-time analogue of a differential equation.

dx(t)
t )

We simply use differences [ x (n) - x (n-1)] rather than derivatives (

An important subclass of linear systems are those whose input is X(n), output
is y(n), and satisfying the following N™ - order LCCDE:

N

M
Z a,y(n—k) = Z b,x(n—r) ap# 0
r=0

k=0

If the system is causal, then we can rearrange the above Eg. as

N

M b,
ym) = =) Ey(n—k) +;a—ox(n -7

k=1

Solutions of Linear Constant- Coefficient Difference Equations

First -order LCCDE

Example -1: Solve the following DE fory (n), assuming y (n) =0 foralln<0
and x (n)=o (n).

y (n) —ay (n—1)=x(n)
This corresponds to calculating the response of the system when excited by
an impulse, assuming "zero initial conditions"

Solution: Rewrite y(n) =ay(n—1) + x(n)
Evaluate: y(0) =ay(-1)+ x(0) =1
y(1) =ay(0)+ x(1) = a

y@2)=ay()+ x(2) = a’
For all n>0, It can be written that
y(n) =a”
Since the response of the system for n <0 is defined to be zero, the unit
sample response becomes  h(n) = a™u(n)

If |a] < 1, then the systemiis ......., @ ......... ?
If |a] > 1, then the system is ........ E ........ ?


hussain
Sticky Note
BIBO stable


hussain
Sticky Note
	BIBO unstable
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N" -order LCCDE

Two methods
Direct method
Indirect Method (z-transform)

Direct solution Method: |

The total solution is the sum of two parts
Part 1 homogeneous solution
Part2 particular solution

The Homogeneous solution

Assuming that the input . Since , this gives us the
Zero-input response of the system

N

Zaky(;? —k)=0
k=0

The solution is the form of an exponential

Y, (1) =1

substitute this in the previous equation.

A +ad +a P+ ra, ATV g =0

(AT 40 + a7 4 ay A+ ay ) =0

This is called characteristic polynomial of the system. It has N
roots and denotes by 4, 4,,...4,

The roots can be real or complex or some roots are identical.
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becomes

Let assume that roots are real and not identical, the solution

1, (m)=CA +C A +..+Cyy

conditions.

If there are two identical roots, the solution becomes

y,(m)=CA' +CnA +C A +..+C Ay

Example-2:

equation

Find the zero-input response for the second-order difference

y(n)=3ymn-1)—-4y(n-2)= 0‘

The homogeneous solution form y, (n) = 4"

A" =3 =422 =0
/Au”_z (/12 - 3/{ = 4) =10

A=-11 =4

The homogenous solution is | |y, (n)= CA" + C,4;

1 n

= C,(-1)" + C, 4"
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| The Particular solution: |

Causal system is the ocutput is depends only on present and past
input signal
Input Signal  x() Particular Solution 1, (1)
|A (ccnstant)|
AM" KM™
AnM |K‘,n” + K +...+KM|
AHHM A" (KGJ‘?M —+ KIH'W_I s TF KM )
Acosa,n |K1 cosm,n + K, sin {Dnn|
Asin e n
Example: -3 Find the particular solution for for

y(n) = 'Z'-"(" —1)- %y(n ~2)+x()| |x(m)=2", n=0

The particular solution form

yp(n) = K2"u(n) y,(n) = K2" n>0

q
K2"u(n) = ’—G-KZ"" u(n—1)— %K?'2 u(n—2)+2"u(n)

Evaluate the equation for ,;>2 4K=-§-2K-1K+4 =D K_.8
6

[Therefore, the particular solution is |

yp(n)= -§-2", n=0

The total solution of the difference equation

yn)=y,(n)+y,(n)
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Example:—4

Determine the response y(#n), n = 0 of the system described by
the second-order difference equation

v(n)=0T7v(n=-1)=-0.1y(n—=2)+2x(n)—x(n—-2)

| to the input  x(n)=4"u(n)

The homogenous solution is

() —-07y(n-D+0.1y(n—-2)=0

A LT LI =)

x:“*l[,a’—o.?,uu.l)zn > |4 =05 >ana |4, =02

v, (n)=¢0.5" +¢,0.2"

Particular Solution:

v, (m) = Kd"u(n)

K& u(n)-0.7K4 u(n-1)+0.1K4" u(n-2) = ()4 u(n)—4"u(n-2)

n=2

K4 -07K4' +0.1K4° =2(4)* -4°
[6K-28K+0.1K=32-1] => |[p_31 52
¥, (n)=2.33(4)"u(n)

The total solution y(n)= [c,D.S" +¢,0.2" + 2.33(4)"}1;(;?)
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Tofind ¢ andc, | | From difference equation,

For n=0: 7(0)=0.73(0=1)=0.1y(0-2) + 2x(0) = x(0 - 2)

y(0)=2

From the total solution, | |y(0)=¢, +¢,+2.33

For n=1: || From difference equation,

y(1)=0.7y(1-1)=0.1y(1-2)+ 2x() - x(1-2)
y()=14+8=94

From difference equation, | |y(1)=0.5¢, +0.2¢, +9.32

Therefore,

2=c +¢,+2.33| [94=05¢,+02¢,+9.32

¢, =-0.807] [c, =0.466

Total Solution | |(1)=[0466(0.5"~0807(0.2)" + 233" Ju(m)
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Frequency Response of LTI Systems

The Fourier representation of signals plays an extremely important role in both
continuous-time and discrete-time signal processing. It provides a method for
mapping signals into another "domain™ in which to manipulate them. What makes the
Fourier representation particularly useful is the property that the convolution
operation is mapped to multiplication. In addition, the Fourier transform provides a
different way to interpret signals and systems. In this section, we will develop the
discrete-time Fourier transform (i.e., a Fourier transform for discrete-time signals).
We will show how complex exponentials of linear time-invariant (LTI) systems and
how this property leads to the notion of a frequency response representation of LSI

systems.

A. Response to Complex Exponential

Let x(n) = e/“™ beinput into an LTI system with causal impulse response h(n).
The output is

y(n) = h(m) * x(n) = h(n) * /™ = TE_, h(k) x(n = k)
= T o h(K) €00 = elon T k(i) ek

Let us define H(e/*): a function of w, as w varies form (—oo to + o)
to be

H(e/?) 2 35 _ h(k) e™/@k

onINPUT

y(n) = e/ H(e
or y(n) = x(n) H(e/?)

jw)frequency response

. H(ej‘”) = frequency response function (a conjugate symmetric function of w)

H(E1) = Hyg(£) + iy (e19) = [H(e9)] e 780
= |H(e®)| e 70(™)

- |H (¢/*)|= Magnitude response (an even function of w)
-arg H(e/®) = ®(e’) = Phase response (an odd function of w)
- H(e’®) is periodic with period =2«
where the magnitude and phase of H (ej “)) are given by
[H(e5)| = [Hee*(e7) + Him?(e5)]

argH(e/”) = @(e/*) = tan™ [Hy;n(e/*)/Hpe (/)]
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B. Response to Sinusoidal
AeJ@womn oJ0 Ae—jwone_fe
Now let x(n) = A cos(w,n+0) = > + > be

input into an LTI system with causal impulse response h(n).

Because of linearity the response can be found by adding the responses of the
Ael@on oj6 Ae—jwone_f‘9

complex exponential sequences of > and > the output

becomes
y(n) = A H(eja)on) ejwoneje /2 + A H(e_jwon) e_jwone_je /2

The second part of y(n) is seen to be the complex conjugate of the first part, thus
y(n) becomes two times the real part of either; that is

A . . "
y(n) = 2Re IE H(ef“)on) el @olt oJ ]

A . _ o _ _
y(n) = 2 Re lz |H(e/®0)| o J0(e/?0) pjwon )0 ]
y(n) = ARe {lH(ej“’O)| eli(won+ 6+ @(efwo))]}

y(n) = A |H(e/?0)| cos(w,n + 6 + B(e/“0))

Change in Change in
magnitude phase

Therefore, it has been shown that the output to sinusoid is another sinusoid of the
same frequency but with different phase and different magnitude.

Example -1:- Find the frequency response of LTI system characterized by
unit sample response (impulse response)

h(n) = a™u(n) for |la] <1
Solution: It is an IR system

By definition the frequency response H(e’®) is given by

H(e/®) = Z h(n) e~ /on = z am e~Jon

n=0
n 1 1

n=-—oo

= Z;?:o(a e_jw)

1-ae—J®  (1-acosw)+j(asin w)

. 1 1
= J W = —
Mag. response |H(e )| [(1—acos w)2+ (asinw)?]1/2  (14+a2-2acos w)l/2

Phase response= @(e/®) = —tan™*[asin w/(1 — acos w)]
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Plot Mag. and Phase responses for a = 0.5.
Example -2:- For an LTI discrete-time system with the following impulse response

h(n)= o(n—-1) —20(n—-3) + 6(n-5)

(i) Give expressions for h(n) in terms of unit steps and then in vector form.
(it) Plot such impulse response h(n).

(i11) Specify whether the system is of the FIR or of the IIR type, Why?

(iv) Find the frequency response H(e’).

(v) Find and plot magnitude and phase responses.

(vi) Compute the unit step response.

(vii) Compute the response to x(n) = 4 cos[ %( n — 2)] . Then calculate the corresponding

time delay of the system if the sampling rate is 8 k sample/sec.
Solution:

(i) Using the fact that a unit sample can be written as the difference of two steps as follows:
d(n) =u(n) —u(n-1)

Therefore, h(n) =[u(n—1)-u(n—2)] -2[u(n—3) -u(n-4)] + [u(n —5) - u(n — 6)]

ie., h(n)=u(n-1)-u(n—-2)-2u(n-3) +2u(n-4)+ u(n->5)-u(n-=6)

In vector form,

F(m)
hn)=[0 1 0 -2 0 1]
1
(ii) The plot of such impulse response h(n) T _ T
is shown here. o 1 3 js P 5 "

(iii) The system is of the FIR type, because h(n) is of finite duration.

(iv) He’™) = ¥ °, h(n) e /" = ¢7J® — 2 ¢ /3@ 4 o=J5@ =
=730 [ @20 — 2 4 ¢7J20] = ¢ J39[-2 + 2 cos(2w)]
=e 39 (1) [2—-2cosw)] =e™73% (e71™) [2 — 2 cos(2w)]
= e /BT 2 — 2 cos(2w)]

(v) From the above frequency response,
Magnitude response = [H(e/®)| = [2 — 2 cos(2w)] .

Phase response = @(e/®) = —(3w+m)=— 30—
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A Eie™y |

/

/

0 ﬂkz T 3“}2

"JJI k \ '"

(Vi) The unit step response is u(n) *h(n) =u(n) *[ s(n—1) —26(n-3) + 5(n—5)]

=u(n-1) —2u(n-3) + u(n->5).
(vii) The response to x(n) = 4 cos[ % (n-2)]

g = % , SO |H(e/@0)| = [2 ; 2 COS(ZC‘);))] =[2 —2cos (g)] -2
T Vs

B@)=-3m—n=-T-g=-=

%)] =8.cos[~ (N—2~7)]

Y(n)=4.(2).cos[% n_g_
=8.cos[ (n—9)]

Delay = 9—2=7 samples, Time delay = 7 Ts = 7/f; = 7/8000 = 0.000875 sec.
=0.875 m sec.
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Example -3:- If the step response of an LTI system is

yu()=[13 223 1],
find the unit sample response h(n). Then find magnitude and phase
responses. Is the system possesses a linear phase response? Plot it.

Solution:
It is known that &(n) =u(n) —u (n-1), So
h(n) * &(n) =h(n) * [u(n) —u (n-1)]
or h(n) * §(n) = h(n) * u(n) —h(n) *u (n-1),
i.e., h(n) =yu(n) -yu(n-1)=[1322310]-[0132231]

hn) =[12-1 01 -2 -1]
H(e/®)=1+2e /@ — /20 + (0, g /3@ 4 g7/4® _ 9 o=J50 _ g=J6W
H(eja)) — e—ij [(ej3w _ e—j3w) +2 (eij i e—jZa))_(ejw_ e—jw)]

H(e/®) = e773@ [ 2j sin(3w) + 4 jsin(2w) — 2 jsin(w) ]
H(e/®) = je 3¢ [ 2sin(3w) + 4 sin(2w) — 2 sin(w) ]
H(e/®) =e/™/? e=73% [ 2sin(3w) + 4 sin(2w) — 2 sin(w) ]

H(e/®) =e G =D [ 2sin(3w) + 4 sin(2w) — 2 sin(w) ]

Mag. Response = |H(ej“’) |= 2sin(Bw) + 4 sin(2w) — 2 sin(w)
Phase Response = @(e/®) = —3w + 7T/Z ; Yes linear phase, plot it.
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